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A sufficient condition is given in order for the set of those words, which are 
obtained by permut ing the occurrences of the letters in the words of a language, 
to be context free. 
Let Z = {a 1 ..... a~} be an alphabet and ~(w) for w E 27* be defined as 
follows: 
(i) ~(~) = {~}. 
(ii) ~(w) for w g= E is the set of those words obtained by permuting 
the occurrences of the letters in w. 
Let L C al* ... an*. In this paper, a sufficient condition is given for L in 
order for ~(L)  to be context free (Proposition 2). 
This condition is also necessary in a certain special case (Proposition 1), 
but, in general, it is not necessary (Remark). 
Previously, H. Maurer has proved the following result 1 [in Maurer (1971)] 
as the solution of an open problem in Ginsburg (1966): 
(*) I l L  C al*a~*aa* is a context-free language, then so is.~(L). 
Proposition 2 includes, as a special case (n = 3), the above result (*). 
As for notation, we generally follow Ginsburg (1966): N denotes the set 
of nonnegative integers. For c ~ N n and P = {Pl ,..., Pr} C N n, the linear 
+ set {c ~=1 aiPi [ cx~  N} with constant c and periods Pl ..... p~, is written 
as L(c; P). A mapping f%...%> is def ined  by f<o, . . .o jX l  . . . . .  x , , )  = " "  
for each (x 1 ,..., xn) ~ N% "Language" means context-free language. 
First we present auxiliary lemmas needed to prove Proposition 1. 
1 The  auther is grateful to Professor Seymour  G insburg  who kindly informed h im 
that the result has been obtained by M. Schkolnick and H. Maurer  and who sent h im 
2Vfaurer's paper "The  solution of a problem by G insburg"  (mimeographed in 1969). 
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LEMMA 1. For each L and R C 27*, the following hold: 
(i) I f  ~(L)  is a language and ~(R)  is regular, then ~(LR)  is a language. 
(ii) l f  ~(L)  andS(R)  are regular, then ~(LR)  is also regular. 
Proof. Let 27 and 2 '  be {a 1 ..... an} and {al' ,.... an'}, respectively. It is 
sufficient o prove the results forL  _C 27* and R _C 27'*. 
We can easily verify that ~(LR)  =-~o~l(~(L))c~ ~0~.~(~(R)), where ~oz 
and 9r' are homomorphisms defined as follows: 9z(a,) ---- a, and rpz(a,' ) ~ e 
(1 ~<i~<n);  9x,(ai) =e  and 9s'(a{) =a i '  (1 ~<i~n) .  Therefore the 
results hold, since 9z and 9z' are generalized sequential machine mappings. 
LEMMA 2. (i) For any positive integers K, L, M, N, P and Q, 
~({(bKcL)a(cMaN)e(a~'bO)' I d , e , f  ~ 0)) 
is a language. 
(ii) For any nonnegative integers K 1 .... , Kr and L1 .... , Lr , 
~({(aKlb~1)dl(aK~b#~) ~ "'" (aK~b~LOa~ [ d~ ~ 0 (1 <~ i ~ r)}) 
is a language. 
Proof. Since f<~b,>r((0, 0); {(0, K, L), (N, O, M), (P, Q, O)})(C_a*b*c*) is 
a language, the preceding result (*) of Maurer implies (i). We can easily see 
(ii) by constructing a related pushdown acceptor, for instance. 
In this paper, we use a property on subsets of periods "pairwise connected" 
accompanied with the property "stratified" which is introduced in Ginsburg 
(1966). 
DEFINITION. A set p_C N ~ is said to be "pairwise connected" if the 
following condition is satisfied: For arbitrary x ~ (x 1 ..... xn) and 
y = (y~ ,..., y~) in P, having at least two nonzero coordinates, there exists 
an integer i such that 1 ~ i ~ n and xiy i ~ O. 
PROPOSITION 1. Let e ~ N n and P C_ N n be a linearly independent set of 
periods. Then #( f  (al...%)L(c; P)) is a language if and only if P is stratified and 
pairwise connected. 
Proof. The case where P = ~ is trivial. 
(1) " I f "  part. Since P is stratified, P ~ {p~ ,...,pr, q~ ,..., qs}, where 
r+s~ 1, r >/0, s>/0 ,  each pi(1 ~ i~r )  has exactly two nonzero 
coordinates and each qj (1 ~ j ~. s) has exactly one nonzero coordinate. 
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Therefore, 
:~(f (a~...a~>L(c; P)) = ~( f  (al.'.an)(£) " f (al'..an)L( On; {Pl  , ' " ,  P~'}) 
• f(al...an)L(On; {ql})"'f(al. . .%?L(On; {qs})), 
where 0 ~ = (0,..., O) E N ". Since ~(f  (a ...%>(c)) and ~(f~a...%>L(On; {qj})) 
( j  = 1,..., s) are regular, by Lemma 1, the proof is reduced to showing that 
~(f(a~...a,,)L(On; {Pl ,-.., Pr})) is context free. 
For each i, 1 ~ i~r ,  let l i be the set of the indices of two nonzero 
coordinates of Pi • Then, since P is pairwise connected, l i (3 Ij ~ ;g for any 
i and j, 1 ~ i, j ~ r. So, we can easily verify that either one of the following 
two eases holds for such 11 ,..., l r . 
Case 1. There exist distinct three integers H, I and J such that 
{l~ ,..., 1~} = {{H, I), {/, J}, {J, H)). 
Case 2. There exist integers Io,  I 1 .... , Ir such that l i = {Io , / i}  and 
I o ~: I i fo reach i ,  1 <~i~r .  
In Case 1, since {Pl,...,P~} is also linearly independent, r = 3 and 
{I)1 ,..., Pr} is of the form 
{(0,..., o, AI , 0,..., O, A j ,  0,..., 0), (0,..., O, Bn , 0,..., O, B j ,  0,..., 0), 
(O,..., O, CH , O,..., O, CI , 0,..., O)}, 
where At ,  A j ,  BH,  B~, C H and C I are positive integers and the subindexes 
H, I and J indicate respectively the H-th, I-th and J-th components of these 
periods. Thus, ~(f<=1""%> L(O~;{pl '  P2, Pa}) is a language by Lemma 2(i). 
In Case 2, each p~, 1 <~ i ~ r, is of the form 
or  
(o,..., o, K~, 0 ..... O, L~, 0,..., 0) 
(o,..., o, L~, 0,..., O, K~, 0,..., 0) 
which has the Io-th coordintate K i and the I i -th coordinate L i . 
Hence, ~(f<al...%>L(On; {Pl ,"', Pr}) is language by Lemma 2(ii). 
(2) "Only if" part. Let L = ~(f(a~ .... ,>L(c; P)) be a language and P 
be linearly independent. Then f<a...%>L(c; P )= L (3 al* ... a~* is also a 
language. 
Therefore, using Corollary 5.4.2 in Ginsburg (1966), P is stratified. 
Then, moreover, we can easily see that P must be pairwise connected. 
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PROPOSIT ION 2. Let L C_ al* "'" an*. I f  L = f<al. . .ajX ) for some finite 
union X of linear sets each having a stratified and pairwise-conneeted set of 
periods, then ~(L) is a language. 
Proof. The following lemm holds by tracing the proof of Lemma A1 in 
the Appendix in Ginsburg (1966). 
LEMMA. Every linear set L(c; P) is a finite union of linear sets each of whose 
periods form a linearly independent subset of P. 
Let X = (Ji=lL(ci ; Pi), ci ~ N~ and P~ C N% Then, by the above lemma, 
.X = Uim=l U~.=il L(Cij ; Pit), where each m, > O, ci~ ~ N ~ and Pit is a linearly 
independent subset of Pi(j  = 1,..., mi ; i = 1,..., m). For each i, 1 ~ i ~ m, 
since Pi is stratified and pairwise connected, so is Pit for j ~ 1,..., mi. 
Vlg 
Thus, by Proposition 1, ~(L) = Ui=l 0~]  ~(L(% ; PiJ)) is a language. 
Remark. In general, the above sufficient condition in order that ~(L) be 
a language, cannot be necessary. 
A counterexample is given by L = as follows: 
Let P = {(1, O, O, 1), (0, 1, 1, 0), (1, O, 1, 0), (0, l, O, 1)}. Then 
(1) L = ~(f<~b,a>L((O, 0, 0, 0); P)) is a language, but 
(2) L((0,0,0,0); P) cannot be a finite union of linear sets each of which 
has a stratified and pairwise-connected set of periods. 
That (1) holds is obvious, since L is just the set of words over a, b, c, d in 
which the number of a's and b's together equals the number of c's and d's 
together. 
Next suppose that L ( (O ,O,O,O) ;P )=L lk3  " ' "  OLm for some m ~> 1 
where each L i = L(ci ; Pi) and Pi C N 4 is stratified and pairwise connected 
(i = 1,..., m). 
Then we can easily see that, for each i, 1 ~ i ~ m, Pi has no period of the 
form (r, s, 0, 0) or (0, 0, r, s) where r + s > 0. 
Therefore, since each Pi is stratified, every period in Pi is of the form 
(r, 0, 0, s), (0, r, s, 0), (r, 0, s, 0) or (0, r, 0, s) where r, s > 0. 
Thus, for each i, 1 ~ i <~ m, since Pi is pairwise connected, all the 
periods in Pi must have zero's at a common index/ / .  Hence, any x inL(ci ; Pi) 
has ci1, as the Ii-th coordinate. 
On the other hand, let d = max{cir. I 1 ~ i ~ m, 1 ~j  ~ m} + 1 and 
= dp . 
Then x 0 = (2d, 2d, 2d, 2d) eL(cl ; Pi) for some i, 1 ~< i < m. Thus 
Xoi,(the Ii-th component of x0)= 2d and Xos ~ = ca, < d. This is a 
contradiction. 
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